Thermodynamics of the quantum Toda lattice is studied based on Gutzwiller's quantization condition and Yang-Yang's thermodynamic formulation. It is shown that Gutzwiller's quantization condition becomes identical to the Bethe ansatz equation in the thermodynamic limit. We have calculated the thermodynamic averages of the energy, higher order conserved quantities and the specific heat. The average energy and the specific heat become close to those of the classical Toda lattice in the high temperature limit, while they are similar to those of a harmonic chain in the low temperature limit. 
Introduction
The Toda lattice [1] is one of the most popular models of completely integrable systems [2] . Among those integrable models, many-body problems and thermodynamics are well studied for the δ-function interaction gas (nonlinear Schrödinger model) [3] and Calogero-Sutherland model [4] . On the contrary, the study of thermodynamics of the Toda lattice has been very limited. A pioneering work was done by Sutherland [5] , where Bethe ansatz was applied to the Toda lattice in the classical approximation. This approach was further pursued by Mertens [6] and Hader and Mertens [7] . They studied the thermodynamics of an open Toda lattice by employing Bethe ansatz and Yang-Yang method [8] . Since the open Toda lattice has only scattering states, the system was confined in a box. They treated the case that the wave function is very small in the region x > 0 where the Toda potential V (x) = e x → ∞ as x → ∞.
Therefore applying Bethe ansatz is only understandable in low momentum and low density region.
An another way to confine the system is to couple the first and the last particles in the same way as others, i.e., to make a periodic lattice. In the thermodynamic limit N → ∞, bulk properties do not depend on the way of confinement. A satisfactory formulation of the quantum periodic Toda lattice was first worked out by Gutzwiller [9] . He has developed a systematic way of quantization of the periodic Toda lattice. His quantization condition is well defined and very similar to the Bethe ansatz equation. Fowler and Frahm [10] have studied the periodic Toda lattice based on Gutzwiller's quantization condition and shown that the energy spectra are different from those given by the Bethe ansatz equation for a finite particle system. They also have suggested that Bethe ansatz would give the correct spectra in the large N limit. Meanwhile, Sklyanin [11] has combined the quantum spectral transform method (QSTM) (R-matrix formalism) and Gutzwiller's formulation and derived an equation for the spectrum of the quantum Toda lattice.
In Ref. [12] , we have studied the ground state of the periodic Toda lattice and shown that Gutzwiller's quantization condition is largely simplified in the large N limit. The purpose of this paper is to extend our study of the quantum periodic Toda lattice [12] for excited states and to formulate the thermodynamics of the Toda lattice according to Yang-Yang formulation. We will show that Gutzwiller's quantization condition becomes identical to the Bethe ansatz equation in the thermodynamic limit.
In section 2, we will review the formulation of the quantum Toda lattice and, in section 3, we will describe the thermodynamics of the quantum Toda lattice. Numerical methods will be explained in section 4 and those results will be discussed in section 5. Section 6 is devoted to summary.
Formulation

Hamiltonian and conserved quantities
In order to make our paper self-contained, we will briefly review the Hamiltonian and the conserved quantities of the periodic Toda lattice. The Hamiltonian of the periodic N -particle Toda lattice is given in a dimensionless form
where we set x N +1 = x 1 . Flaschka [13] has shown that the classical equations of motion can be written in a Lax form
where L and B are the N × N matrices,
3) 4) and the quantities a i and b i are defined by
Therefore the eigenvalues of the matrix L are constants of motion and thus the coefficients of the characteristic polynomial are also constants of motion.
Let us define the coefficients A i as follows ( I is N × N identity matrix), A n is an n-th order polynomial of the momenta and its explicit form is given by Hénon [14] A n = (−1)
with X j = exp(x j −x j+1 ). The sum is taken over all terms with different indices
In the center-of-mass (C.M.) system, 
Gutzwiller's quantization condition
In Ref. [9] , Gutzwiller developed a systematic way of constructing simultaneous eigenfunctions of the operatorsĤ andÂ i for N =2, 3 and 4 particle lattices. Later, his method was extended generally for the N -particle periodic Toda lattice by employing the transfer matrix method by Pasquier and Gaudin [15] . Let us briefly summarize his algorithm of quantization. Suppose we have N − 1 real numbers (E, A 3 , A 4 , . . . , A N ) and try to examine whether they are simultaneous eigenvalues of the operatorsĤ andÂ i .
Firstly we should solve a Hill-type equation ∆(κ) = det C = 0, where C is a tridiagonal infinite matrix
with 
where r κ is defined by the recursion relation
with the boundary condition r κ → 1 at (κ) → ∞. The solution r κ can be given explicitly as a determinant of the lower-right semi-infinite part of the matrix C, i.e., r κ = det C where 
where
(thus the poles of ∆(κ)). φ j is a monotonically increasing function of λ j , i.e., φ j+1 − φ j = π(n j + 1) with non-negative integers n j [10] . These for N =even. The relation of the integer m and the quantum numbers {n i } is discussed in Ref. [16, 17] .
Open Toda lattice in a box
In this section, we will describe the quantization condition of the open Toda lattice with periodic boundary condition. The Hamiltonian of the N -particle open lattice is
Since the open lattice has only scattering states, one must confine the system in a box with periodic boundary condition. Imposing the periodic boundary condition is equivalent to add an interaction term exp( 
In order to make the potential terms symmetric, let us introduce new variables 
κ), and quantization condition Eq.(2.13) by
3. Thermodynamics of the Toda lattice
Ground state
In this section, we will derive the quantization condition in the thermodynamic limit, i.e., large N limit for the periodic lattice, or large N, L limit while keeping the density D = N/L finite for the open lattice in a box.
In Ref. [12] , we have shown the following two important properties of the Hill's determinant of the periodic lattice in the large N limit.
(1) The determinant r iλ j of the semi-infinite matrix C (Eq.(2.12)) approaches to 1 and the difference decreases as
(2) The j-th pole iε j and zero iλ j are very close and the difference decreases
We have also carried out numerical calculations withh = 1 and particle number 2 ≤ N ≤ 20, and obtained α = 1.6 ∼ 2.3, β = 1.2 ∼ 1.8 . These two properties largely simplify Gutzwiller's quantization condition (Eq.(2.13)) in the large N limit and it becomes for the scaleh = 1
where we rewrite 
assuming that k i 's will condensate as N → ∞ and fill continuously an interval
The maximum pseudo-momentum Q turns out Q 2.8992 [12] The quantization condition of the open lattice in a box in the thermodynamic limit can also be given by the similar argument. Let us set the scalē h = 1 for simplicity. Then the quantization condition Eq.(2.18) becomes
Since
) and
), Eq.(3.4) can be further reduced to
One should note that Eq.(3.5) is exactly the same as the Bethe ansatz equation.
Therefore the Bethe ansatz equation gives the exact spectra in the thermodynamic limit. Repeating the similar argument as the periodic lattice, one can obtain the integral equation of the density distribution ρ(k) for the ground 6) and
We have solved Eq. Let us define the function φ(x) such that
φ(x) is a monotonically increasing function and φ(k i ) = φ i . In the large N limit, we will define the density distributions ρ(k) and ρ h (k) according to Yang-Yang as follows.
Defining the function h(k) as φ(k) = N h(k) and counting the number of pseudo-momenta and holes in the interval dk, which is equal to the range of φ(k)/π by definition, one can obtain
(3.14)
In the large N limit, Eq.(3.10) becomes 15) and its differentiation gives Let us calculate the partition function Z. Z is defined by 
For the higher order conserved quatities A i , it was also shown [16] that 
The simultaneous eigenvalues A i 's (i=even) can be expressed in terms of the pseudo-momenta {k i } as follows [12, 16] 
Taking the logarithm of Eq.(3.22), dividing by N and taking the continuum limit, one can get
where ρ sym (y) = (ρ(y) + ρ(−y)) and it is an even function. Therefore we can assume that the density distribution ρ(x) is an even function without loss of generality.
By expanding both sides of Eq.(3.24) in powers of x at x → ∞ and comparing the coefficients, the first three terms are . The average energy u per particle is
From Eqs.(3.25-27) one can show by induction that the leading term of Eq.(3.26) can be expressed in terms of the energy
The derivation of Eq.(3.29) is rather involved and is postponed to the appendix.
Next we will count the number of states dW for a fixed interval dk according
The entropy dS of this interval is
and the entropy S is
This entropy S corresponds to the whole number of states given by the density distributions ρ and ρ h , and the symmetry of each state is not specified. In other words, the sum is taken over all possible m-symmetries. Since the symmetry of the state is determined by the whole sequence of filled sites (particles) and omitted sites (holes), the products of the number of states dW contain all symmetries. If one selects one sequence of particles and holes from each interval dk and combines them to make a whole sequence, it belongs to a certain definite m-symmetric state. However one should sum all possible symmetries afterwards, and it is equivalent to that the symmetry is not specified from the beginning.
In the large N limit, the partition function Z (Eq.(3.17)) can be rewritten by the functional integral of ρ,
where F = E − T S is the free energy and its explicit form is 
Defining the function ε(x) such that
we have
and Eq.(3.16) becomes at N → ∞
Then the thermodynamic average is ing to Yang-Yang method. We will simply write down the resulting integral equations which should replace Eqs.(3.38,3.39), 
Numerical methods
We have solved coupled integral equations Eqs.(3.38,3.39) of the periodic lattice for T = 0 and T > 0 and obtained the density distribution ρ(k) and quasi-particle energy ε(k). In this section, we will describe the numerical method in some detail. Numerical results will be discussed in the next section.
The calculation of the open lattice in a box has been carried out by Hader and
Mertens [7] and we will refer their results.
T = 0
Let us assume that the quasi-particle energy ε(k) is a monotonically increasing function of k 2 and has a zero at k
. This behaviour is the same as the δ-interaction gas and this assumption will be confirmed by the numerical calculation. Then Eqs.(3.38,3.39) are simplified as K(x − y) by {λ i } and {ϕ i }, By substituting these expansions into Eq.(4.1) and comparing the coefficients, one can obtain
The coefficient c 0 is indefinite and it is determined by the condition ε(±Q) = 0.
T > 0
For finite temperature T > 0, Eqs.(3.38,3.39) are coupled and we must solve them consistently. Let us rewrite Eq.(3.39) in a symmetric way
First we will solve Eq.(3.38) by iteration with starting by the inhomogeneous
with a certain initial value f . Once ε(x) is calculated, next we calculate the eigenvalues of the kernel
indicates that one of the eigenvalues of the kernel K s (x − y) has an eigenvalue 1. In practical calculation, the largest eigenvalue is well separated from others, and it is not so difficult to find the value f such that the kernel has an eigenvalue 1. We have mapped (−∞, ∞) to a finite interval and employed Gauss-Legendre quadratures. In the low temperature region, the density distribution ρ(x) varies vary rapidly around x = q satisfying ε(q) = 0 and many mesh points are distributed around x = q. In solving Eq.(3.38), we have used another technique [7] . Since the 
Results and discussion
In Fig.2 , we show the density distributions ρ(k) of the pseudo-momentum for T = 0, 0.2, 0.5, 1 and 2. The maximum pseudo-momentum at T = 0 is Q 2.8992. This is similar to a free Fermi gas and Q is called pseudo
Fermi momentum. The density is larger for large k value. This behaviour is quite different from other completely integrable models. For example, density distributions of the δ-interaction Bose gas [3] and Calogero-Sutherland model [4] have a maximum at k = 0 and they monotonically decrease in the larger kregion. In the classical limith → 0, Sutherland [5] has shown that the density distribution is given by
It diverges at the maximum |k| = Q, however, Fig.2 shows that the exact ρ(k)
remains finite at |k| = Q.
At low temperature T 0, the density slightly diffuses and its behaviour around |k| Q is approximately given by
This is also similar to a free Fermi gas. As the temperature T increases, particle-hole excitations increase near the Fermi level.
In Fig.3 , we show the quasi-particle energies ε(k) for T = 0, 1 and 2. In the classical limit, Sutherland also showed that
and our exact calculation exhibits similar behaviour. This behaviour is similar to that of the δ-interaction Bose gas. Although we do not prove in mathematically rigorous way that ε(k) is a monotonically increasing function of k 2 , our numerical calculation certainly indicates that our assumption is correct.
We show in Fig.4 the temperature dependence of the free energy f (T ) per particle. At T = 0, f (0) 1.6762, which is the average energy per particle of the ground state. f (T ) is a monotonically decreasing function of T .
We show the average energy u(T ) and the specific heat C(T ) per particle in Fig.5 and Fig.6 respectively. C(0) = 0 and it rapidly increases for T > 0, then it gradually decreases after reaching its maximum C 0.84 at T 2.
In order to make a comparison, we also plotted the classical values u cl (T ) and C cl (T ) [18, 19] . At T → ∞, the system behaves like a classical one, and 
Our results are similar to those of the open Toda lattice in a box [6, 7] . It is understandable since bulk properties do not depend on the way of confining the system.
Summary
We have studied the thermodynamics of the periodic Toda lattice based on of the pseudo-momentum and the energy ε(k) of the quasi-particle. The density distribution ρ(k) is quite different from other integrable models, i.e., ρ(k) increases in the larger k-region. However, except for this characteristic behaviour, other properties are quite similar to those of a free Fermi gas. This similarity is also true for the quasi-particle energy ε(k). Making use of the density ρ(k), we have calculated the average energy u(T ) and the specific heat C(T ) per particle for the temperature range 0 ≤ T ≤ 4. We have also calculated the thermodynamic averages of the higher order conserved quantities and it turns out that they are expressed in terms of the average energy E as
, which is the same as the classical Toda lattice. In the high temperature limit T → ∞, u(T ) and C(T ) certainly become close to those of the classical system. On the other hand, in the low temperature region, it behaves like a harmonic chain. These are due to the characteristics of the Toda lattice which behaves like either a hard-sphere gas or a harmonic chain in opposite limiting cases.
APPENDIX
In this appendix, we will prove Eq. 
The proof is rather tedious but straightforward by employing properties of binomial coefficients. 
Using the explicit formula Eq.(A6), one can derive Free energy f (T ) per particle versus T . Average energy u(T ) per particle versus T (solid line).
Average energies of the classical system and the harmonic chain are also shown by dot-dashed and dashed lines respectively. Specific heat C(T ) per particle versus T (solid line).
Specific heats of the classical system and the harmonic chain are also shown by dot-dashed and dashed lines respectively.
